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Since both the ordinary and the p-modular irreducible characters of 
SL(3, p”) are known explicitly, it should be possible in principle to exhibit 
the decomposition numbers (hence, indirectly, the Cartan invariants). In 
practice, direct comparison of character tables is unwieldy (though some 
small cases were worked out with the aid of a computer in [ 131). It is much 
simpler to exhibit the transpose of the decomposition matrix, expressing the 
principal indecomposable characters as sums of ordinary irreducible 
characters. This is the approach we take here, limiting ourselves to the case 
n = 1. (As n grows, so does the complexity of the decomposition: an 
ordinary irreducible character of SL(3,p”) will typically have 9” modular 
constituents. We hope to treat this case in a sequel.) 
After reviewing the known results on characters, we shall give the explicit 
decomposition of the principal indecomposable character corresponding to 
the l-character, and indicate how this tits into the “Brauer complex” 
discussed in [6]. Then we shall list the patterns according to which the other 
principal indecomposable characters decompose, using X(3,5) as a 
concrete illustration. Some patterns are peculiar to the case p - 1 (mod 3), 
leading to an occurrence of a decomposition number equal to 3. 
1. CHARACTERS 
1.1. The character table of SL(3, q) is given explicitly in [ 121; here 
q = p”. In case q = 1 (mod 3) the group has a center of order 3, and the 
parameter d in [ 121 takes the value 3. Otherwise X(3, q) = PSL(3, q) and 
d = 1. It is convenient to divide the characters into three families A, B, C 
(following the ad hoc notation used in [6]), having respective generic degrees 
q3 + 2q2 + 2q + 1, q3 - 1, q3 - q* - q + 1. These families may be associated 
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with the tori of split rank 2, 1, 0 in the framework of ] 111. Accordingly, we 
shall adopt here the following labels: 
x, = 1 (the l-character); 
xqs = 9* + 9; 
xs3 = St (the Steinberg character); 
x$’ = A’(u); 
p = A”(u); 
xpw) = A (u, 0, Iv); 
X $? =,4”‘(u) (occurring when d = 3); 
x2’ = B(u); 
X ;;; = C(u); 
(U) xrzs I or x13 , = C”‘(U) (when d = 3). 
1.2. From now on we deal just with SL(3, p). The p-modular 
irreducible representations are parametrized by the restricted weights (a, b) = 
aw, + bmD, where o,, and wq are the fundamental dominant weights for the 
ambient algebraic group, 0 <a, b <p. These weights belong to the two 
lowest alcoves associated with the affine Weyl group relative to p. If 
0 < a + b <p - 2, or if either a or b equals p - 1, the corresponding 
representation has character and dimension given by Weyl’s formulas; 
otherwise one has to subtract the representation of linked highest weight 
(p - 2 - 6, p - 2 - a) lying in the lowest alcove. In particular, the modular 
representation of highest weight (p - 1, p - 1) has degree p3, and is known 
to be the reduction modp of the Steinberg character denoted above by St. 
This determines the (unique) block of defect 0 for SL(3,p). (For all of this, 
see Part I of [6] and the references given there.) 
While it is possible in principle to write down the Brauer characters of 
these modular representations, it is not especially convenient in practice to 
do so, since they are not uniform in appearance compared to the principal 
indecomposable characters. 
1.3. Denote by R(a, 6) the principal indecomposable module (PIM) 
or character corresponding to the irreducible module of highest weight (a, 6); 
for example, R(p - 1 ,p - 1) = St. These are easily described as follows. 
Each weight (a, b) determines a virtual Brauer character s(a, b) whose value 
at a semisimple (=p-regular) class is computed by applying the orbit sum of 
(a, 6) under the Weyl group W z S, to any element of the conjugacy class 
lying in a split maximal torus of the ambient algebraic group. Since St 
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vanishes except at semisimple elements, the product s(a, b) St may be 
thought of as a class function on SL(3, p). Each principal indecomposable 
character is then a Z-linear combination of such class functions. Explicitly: 
R(p- l,p- 1)=s(O,O)St, 
R(p - 1,0) = (s(p - 1,0) - s(O,O)) St; similarly for R(O,p - l), 
R(p - 2,0) = (s(p - 1, 1) - ~(0, 1)) St; similarly for R(O,p - 2), 
R(a,O)=(s(p-1,p-1-~)+s(at l,l)-s(O,p-1-u))St 
if a # 0, p - 1, p - 2; similarly for R(0, b), 
R(O,O)=(s(p- l,p- l)+s(l, l)-s(p- l,O)-s(O,p- 1) 
+ s(O, 0)) Sk 
R(u,b)=s(p- 1 -b,p- 1 -u)St, ifp-2<u+b<2p-2, 
with ub # 0, 
R(u, b) = (s(p - 1 -b, p - 1 - a) + s(u + 1, b + l))St, 
ifO<utb<p-2,withubfO. 
These last two cases are the generic ones, for weights in the top (resp. 
bottom) alcove. In each case the orbit sum is attached to the “dual” weight 
(p - 1 - b, p - 1 - a) of the given weight (a, b), or to the dual weight of the 
linked weight. For these results, see [ 1, 2, 6, Sect. 10.3, 7, lo] (but the proof 
sketch in [6, 10.51 is unconvincing!). To make the calculations completely 
explicit, we should also list the W-orbit of (a, b): it consists (with possible 
repetitions) of (a, b), (-a, a + b), (a + b, -b), (-a - b, a), (b, --a - b), 
(-b, -a). 
1.4. Deligne and Lusztig have given a general construction of 
(virtual) characters denoted in [ 1 l] by R:(0). In general position these are 
(up to sign) irreducible and give in our case the generic characters of types 
A, B, C listed in 1.1. Those not in general position can be compared with 
those listed in 1.1 by taking into account the explicit character formulas of 
[ 111. If T is a split torus, R:(6) is induced from a linear character of a Bore1 
subgroup containing T. When 0 is trivial, this yields all of the “unipotent” 
characters: 1, p* i-p, St. When 0 has a stabilizer of order 2 in the Weyl 
group, we obtain instead a pair A’(u), A”(u). When p = 1 (mod 3), one of the 
RF(e) decomposes as the sum of three characters A”‘(u); here 8 comes from 
the weight ((p - 1)/3, (p - 1)/3). Otherwise RF(B) is an irreducible 
character A(u, V, w). Similarly, when T has F,-rank 1, --RF(B) is induced 
from a character of an intermediate parabolic subgroup. When 0 is trivial, 
this yields an alternating sum St - 1 of unipotent characters. When 8 is 
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nontrivial, but comes from a weight fixed by a reflection, -R:(0) is of the 
form A’(u) -A”(u) (cf. [ 11, Prop. 2.61 for an explanation of this 
phenomenon, illustrated in 3.3 below). Otherwise we get an irreducible 
character B(u). Finally, when T has F,-rank 0, RF(B) is “cuspidal.” When 8 
is trivial it yields an alternating sum of unipotent characters. Otherwise we 
obtain an irreducible character C(U), unless p E 1 (mod 3), when two of the 
RF(B) decompose as sums of three characters C”‘(U). 
There is a simple recipe relating Deligne-Lusztig characters to the prin- 
cipal indecomposable characters R(a, 6). Starting with an arbitrary weight 
(a, b), one gets (complex) characters of the 1 WI tori T obtained by twisting a 
split torus by elements of W, the sum of the corresponding *RF(B) (the sign 
chosen to make the degree positive) is then s(a, b) St multiplied by the order 
of the stabilizer of (a, b) in W. (See [9] for details.) So one has an algorithm 
for expressing the principal indecomposable characters as Z-linear 
combinations of Deligne-Lusztig characters, from which one could deduce 
the decomposition numbers by further comparison with the Simpson-Frame 
character table. To make the comparison effective, one has to know that the 
weight (a, b), applied to a diagonal matrix with entries x, y, z (xyz = 1) 
yields ~‘+~y~; from this the Brauer character is computed by replacing x, y 
by corresponding complex roots of 1 in the usual way. 
Our purpose here is to make explicit the patterns which result from such 
character computations. 
2. DECOMPOSITION OF R(O,O) 
THEOREM. With the above notation, the principal indecomposable 
character R(0, 0) of SL(3, p) (p > 5) decomposes as follows into ordinary 
irreducible characters: 1 + A( 1, p - 2, p - 1) + B(2p - 2) + B(p + 2) + 
B(p - 1) + B(p2 -p - 3) + C(3) + C(p2 +p - 2). 
The proof involves a routine comparison of the character of R(0, 0) as 
given in 1.3 above with the indicated sum of characters as given in [ 121. 
Figure 1 illustrates the part of the “Brauer complex” occupied by R(0, 0) 
when p > 5 (see part III of (61). In general, a weight in the lowest alcove 
gives rise to a PIM of dimension 12p3, involving 12 ordinary irreducible 
characters in a 6-pointed star configuration. But here there is a sort of 
“cancellation”, as the picture suggests. The primes p = 2, 3 involve further 
degeneracies, which we leave aside. (It should be noted that the final 
paragraph of [6, 12.41 is erroneous; the pattern it describes is found only 
when p = 3.) See [ 3) for further results in the case p = 2. 
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FIG. I. R(O,O) as part of the Brauer complex of JL(-?,p), p > 5 
3. THE CASE p E 2 (mod 3) 
3.1. Here we assume that p E 2 (mod 3), leaving aside the special 
case p = 2. Apart from the block of defect 0 involving just St, there is only 
one other p-block. We list in Table I the various patterns according to which 
the characters R(a, b) in this block decompose into ordinary characters of 
types A, B, C, etc. The cases marked with an asterisk are the generic ones, 
which predominate for sufficiently large p. Note that the decomposition 
numbers will mostly be 0 or 1, with 2 occurring in only p - 2 cases. Given 
(a, b), it is a routine (but lengthy) exercise for a given prime p to fill in the 
explicit parameters. 
Though the patterns here are relatively simple, they do not give much 
direct insight into the decomposition matrix itself. The viewpoint developed 
in [5] may provide a useful counterpoint. One decomposition is quite clear, 
however: the type A character labeled p2 +p in 1.1 has composition factors 
mod p of highest weights (0, p - 1) and (p - l,O). 
The multiplicities shown in Table I can be justified by direct calculation, 
without reference to the Brauer complex. The A-B-C distribution is clear 
already from the previous discussion, but it has to be seen that the 
multiplicities do not exceed 1 (except in the cases a + b =p - 3). An 
example will indicate the kind of routine check needed: Look at the generic 
cases marked with an asterisk, where the Deligne-Lusztig characters are (up 
to sign) irreducible, and consider the characters of type B. These correspond 
to pairs (wi, ,u), where ,U = (a, b) is a weight of the standard split torus T 
(0 < u, b < p) and w 1 is an element of the conjugacy class J, s, , so, s, sDs, \ of 
W, used to twist T. Another pair (ww, w-’ ,$) determines the same Deligne- 
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TABLE I 
Decomposition Patterns for PIM’s in Principal Block of 
X(3, p) = PSL(3, p), p E 2 (mod 3), p # 2 
Conditions on (a, b) dim R(a, b)/p” Ordinary characters 
O=atb 
O<a+b<p-3 
ab # 0 
ab = 0 
atb=p-3 
ab # 0 
ab = 0 
a+b=p-2 
ab # 0 
ab = 0 
a+b=p-I 
ab # 0 
ab=O 
p-l<a+b<2p-2 
afp-l,b#p-1 
a=p- lorb=p- 1 
1 
*12 2A+68+4C 
9 AtA”tSB+3C 
12 A t A’ (twice) + 5B + 4C 
9 A’ (twice) + A” + 48 t 3C 
6 A t 38 t 2C 
3 A” t 28 t C 
6 A’+A”+38+2C 
2 (p’ t p) t B t c 
*6 A t 3B + 2C 
3 A’tBtC 
ltA+4B+2C 
Lusztig character just when ,u’ = wp + (p - wwi w-‘)v for some weight 
u=(c,d), cf. [lO,ll]. Say w,=s,, w=sg, so wp=(a+b,--b) and 
(ww, w- ‘)v = (A, -c). Then ,u’ =,u is easily seen to force b = 0, wp = p (a 
nongeneric case). So the B-character corresponding to (wi ,,u) can only 
figure once in s(a, b) St. When the PIM has dimension 12p3, it also has to be 
checked that this character fails to occur in s(p - 2 -b, p - 2 - a) St. But 
the assumption p’ = (p - 2 - b, p - 2 - a) leads again just to degenerate 
cases. 
3.2. The decomposition of principal indecomposable characters of 
SL(3, 5) is exhibited in Table II. Since there is only one character A(u, u, w) 
here (namely, A(1,3,4)), we can ignore the parameters and just use the label 
A. Note that the parameters occurring in [ 121 do not correlate at all neatly 
with the weight parameters; for example, weights such as (1,0) and (0, 1) 
behave symmetrically due to the Dynkin diagram symmetry, but the 
parameters listed under B and C do not seem symmetric. 
Figure 2 fits the ordinary characters into the Brauer complex of the prin- 
cipal block of X(3, 5) (cf. [6, p. 711). 
From Table II one obtains readily the matrix of Cartan invariants, 
computed earlier from the modular viewpoint in [4]. (The decomposition 
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(a. b) A A’ A ” 1 P2 fP B c 
TABLE II 
Decomposition of PIMs in Principal Block of SL(3,5) 
(03 0) 
(130) 
0 1) 
(LO) 
(0,2) 
(1.1) 
(1.2) 
(2. 1) 
(330) 
(0,3) 
(1.3) 
(3. 1) 
(232) 
(233) 
(3.2) 
(3.3) 
(4.0) 
(0.4) 
(1.4) 
(4, 1) 
(2.4) 
(4.2) 
(334) 
(4.3) 
X 
X 
X 
3 twice 
1 twice 
X 2 twice 
X 
X 
1 
3 
2 
X 
X 
X 
3 
1 
2 
2 
I 
3 
X 
3 
2 
2 
X 
X 
4, 7. 8, 13 
2, 3, 7, 8, 13 
7,8,9, 13, 14 
2, 3, 8, 19 
1. 8,9, 14 
2, 3,8, 9, 14 
3,4, 13 
4, 7.9 
1, 14 
2, 19 
1, 9, 14 
2,3, 19 
2, 8, 14 
7, 8, 9 
3.8, 13 
4,7, 13 
4 
4 
3 
9 
2 
14 
19 
3, 16 
4,8, 17 
8, 11, 17 
1, 8, 16 
3, 6, 17 
2,8, 12, 17 
4, 16 
3, 11 
2 
12 
2, 17 
8,12 
8, 17 
3, 17 
8, 16 
4, II 
4 
11 
16 
3 
12 
2 
6 
1 
matrix and Cartan matrix also appear in [ 131, but with a few misplaced 
entries in the former.) For SL(3,p) in general, there are “generic” Cartan 
invariants which do not show up yet in the small case p = 5 (see pp. 57-58 
of 161). 
3.3. What was said in 1.4 about comparison of Deligne-Lusztig 
virtual characters and ordinary irreducible characters can be made more 
graphic by study of the Brauer complex, cf. Figs. 2 and 3. The weight (1,4) 
has dual weight (0, 3), whose stabilizer in W has order 2. So the sum of six 
Deligne-Lusztig characters *R:(8) as shown in Fig. 3 will add up to twice 
s(O,3) St, i.e., twice R(l,4). There is a degeneracy here, in that the alcove 
labeled B(6) does not correspond to an allowed parameter in the Simpson- 
Frame table. Instead, this Deligne-Lusztig character is just a virtual 
character, the difference A’(3) -A”(3). 
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FIG. 2. Brauer complex of SL(3, 5), principal block. 
FIGURE 3 
4. THE CASE p = 1 (mod 3) 
In this case there are three blocks of highest defect, with corresponding 
Brauer complexes (cf. [6, pp. 72-731 for p = 7). We indicate briefly the 
required modifications of Table I. These arise mainly from the presence of 
three A”’ characters in the principal block (resp. three C”’ characters in each 
of the other blocks). The three characters in question give the same Brauer 
character, hence the same reduction modp. Explicitly, the A”’ characters 
involve three composition factors each, of highest weights ((p - 1)/3, 
(P - 1)/3), (2(~ - 1)/3, 2(p - 1)/3), ((P - 4)/3, (P - 4)/3). For a C”’ 
481/1211-2 
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character, the story is similar, e.g., ((p - 1)/3 - 2, (p - 1)/3), (2(p - 1)/3, 
w - I)/3 - 113 ((P - I)/39 (P - 4)/3) ( or reverse coordinates for the other 
block). 
For the principal block, Table I has to be modified as follows: If 
a = b = (p - 1)/3, replace A by 3A”’ and replace two of the distinct B by a 
repeated B. If a = b = 2(p - 1)/3, replace A by 3A”‘. If a = b = (p - 4)/3, 
replace A by 3A “‘, replace three of the distinct B by a single B repeated three 
times, and replace the four distinct C by two distinct C, each repeated twice. 
(So there is a single decomposition number equal to 3.) For the other blocks, 
analogous modifications are needed. 
5. CONCLUDING REMARK 
Concrete treatment of groups other than SL(3, p) can be expected to be 
increasingly complicated. For some general results and methods, see 
[ 1,L 7, 8, 101. 
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